Overlap functions for one-nucleon removal are calculated as solutions of the inhomogeneous equation. The source term for this equation is generated by the 0hω no-core shell-model wave functions and the effective nucleon-nucleon (NN) interactions that fit oscillator matrix elements derived from the NN scattering data. For the lightest A 4 nuclei this method gives reasonable agreement with exact ab initio calculations. For 4 < A 16, this method gives a fair agreement between the calculated and measured asymptotic normalization coefficients. The spectroscopic factors obtained show systematic deviation from the corresponding shell-model values. This deviation correlates with nucleon separation energies and follows a similar trend seen in the reduction factor of the nucleon knockout cross sections. Comparison with the overlap functions and spectroscopic factors obtained in the variational Monte Carlo method is presented and discussed.
I. INTRODUCTION
The spectroscopic factors (SFs), introduced over fifty years ago in the theory of transfer reactions to link nuclear reactions and structure, are usually associated with occupancies of single-particle orbits. It has been widely believed that experimental study of SFs provides an important tool to explore single-particle structure of nuclei. In the vast literature published over this period, the experimental SFs S exp , determined mostly from transfer reactions as ratios of experimental to theoretical cross sections, were compared to theoretical predictions, S th , mainly from the shell model. In many publications S exp and S th were often in reasonable agreement. It has been found, however, that proton SFs in the closed-shell nuclei 16 O, 40, 48 Ca, and 208 Pb, obtained from (e,e p) reactions, the mechanism of which is much better understood than that of transfer reactions, are 50%-60% smaller than those expected from the independent-particle model [1] . A similar reduction of SFs has been found for other nuclei such as 7 Li, 12 C, 30 Si, 31 P, 51 V, and 90 Zr [2] . The apparent discrepancy between SFs obtained from transfer and (e,e p) reactions has been shown to originate from the different bound-state wave functions ϕ(r) employed in the analysis of these reactions [2] . The (e,e p) reaction is sensitive to the whole ϕ(r) whereas transfer reactions are only sensitive to ϕ(r) at large r, where the radial form is fixed by the nucleon separation energy while the magnitude depends strongly on the assumed shape of the potential well used to generate ϕ(r). Employing ϕ(r), derived from the (e,e p) momentum distributions, in transfer reactions brings their SFs into close agreement with those obtained from (e,e p) reactions, thus confirming the SF reduction. In a recent analysis of the (d,p) and (p,d) reactions [3] , where ϕ(r) is fixed by modern Hartree-Fock calculations and has a shape similar to that derived from (e,e p), reduced SF values have been reported. The SF reduction has also been observed in high-energy nucleon removal reactions from 12 C and 16 O [4] . With the development of radioactive beam facilities SF studies have been extended to nuclei away from the valley of stability. A new phenomenon has been revealed with the help of one-nucleon knockout reactions. It turns out that reduction of SFs from the shell-model values depends on the separation energy of the removed nucleon and on nucleon type and that the SF reduction factor, defined as R s = S exp /S th , is concentrated around a straight line when plotted as a function of the difference between proton (S p ) and neutron (S n ) separation energies, S, taken as S p − S n and S n − S p for proton and neutron knockout, respectively [5] .
The R s ( S) dependence has been assumed to arise from correlations missing from the truncated shell-model space [5] . Increasing the model space should then reduce the gap between S th and S exp . Indeed, in a six-shell treatment of 16 O the percentage of the 0hω component goes down to ∼48%-60% [6] and the 16 O SF decreases from the 0hω value of 2 to 1.65 [4] . However, the six-shell model space is still not sufficient to reproduce the (e,e p) value of 1.27 (13) [2] . The necessity of adding more major shells to the model space implies that the common view of 16 O as a doubly magic nucleus is not correct.
The contributions from missing model space can be recovered by using correlated wave functions in ab initio approaches. Thus, the variational Monte Carlo (VMC) calculations for 7 Li result in a proton SF that is reduced from the 0hω value by 40% but agrees very well with S exp from (e,e p) [7] . However, for 8, 9 Li, 8 B, and 9 C the VMC SFs are larger than S exp (see Table VII ). Also, the ab initio VMC calculations are feasible only for light nuclei while the SF reduction is observed for nuclei as heavy as 208 Pb. In the medium-and heavy-mass regions, different approaches are being developed to deal with correlations beyond the shell-model space. For example, a correlated basis function theory [8] can account for short-range correlations, related to the strongly repulsive core of the nucleon-nucleon (NN) interaction. However, the SF reduction obtained within this theory for the closed-shell nuclei 16 O, 40 Ca, 48 Ca, and 208 Pb does not exceed 15%, which is inconsistent with experimental data. Long-range correlations, associated with quasiparticle excitations, can be taken into account within the self-consistent Green's function method [9] . The SFs obtained within this method for 48 Ca and 56 Ni are in agreement with those obtained from (e,e p) and heavyion knockout experiments, thus showing that the long-range correlations in SF reduction are much more important than the short-range ones. However, a more systematic application of this method to various closed-shell nuclei ranging from 16 O to 60 Ca shows that reduction factors cannot be smaller than 0.73 [10] . It should be mentioned again that approaches similar to the correlated basis function method and the self-consistent Green's function method can be applied only to those nuclei that are traditionally considered as the closed-shell ones. It is too difficult to apply such approaches to open-shell nuclei with many valence nucleons. Therefore, for many nuclei, the standard shell-model SF calculations will still be used for a long time.
In my previous publication [11] , it was shown that it is legitimate to use uncorrelated wave functions defined in minimal model spaces for the SF calculations provided the overlap function, the norm of which gives the SF, is obtained as a solution of an inhomogeneous equation. In this procedure, the SFs obtained depend strongly on the effective NN interactions used to calculate the source term that generates the overlap functions. It was shown that an effective two-body NN potential exists that gives reasonable predictions for overlap functions of the deuteron, 3, 4 He, and 16 O and at the same time reproduces fairly the R s ( S) dependence for the ground states of the 0p-shell nuclei. In the present paper, I give the details of the inhomogeneous equation approach missing in Ref. [11] and discuss the outcome of calculations in more detail. First, I discuss in Sec. II the problems of the standard shell-model overlap calculations. Then, in Sec. III, the inhomogeneous equation method is presented and discussed. The results for A 4 and 4 A 16 are given in Secs. IV and V, respectively. The energy dependence of SFs in discussed in Sec. VI and Sec. VII presents a comparison between the present and ab initio calculations. Conclusions are presented in Sec. VIII and some details of the fractional-parentage technique used to calculate the necessary matrix elements are given in an appendix.
II. CALCULATING THE OVERLAP FUNCTIONS BY DIRECT EVALUATION OF THE OVERLAP INTEGRAL
The theoretical SF for one-nucleon removal, S lj , is defined in a model-independent way as
where I lj (r) is the radial overlap function with orbital momentum l and angular momentum j , calculated as an overlap integral between the wave functions J B and J A of two neighboring nuclei B = A − 1 and A with the total spin J B and J A :
Here the integration is carried out over 3A − 6 independent coordinates describing the internal structure of nucleus B, r is the distance between the center of mass of B and the removed nucleon, Y l is the spherical function, and χ τ 1/2 is the spin-isospin function of the removed nucleon with isospin projection τ . The coefficient A 1/2 comes from antisymmetrization. If not included in Eq. (2), it should appear in the definition [Eq. (1)] of the SF.
All available phenomenological shell-model codes calculate S lj from I lj (r) obtained by direct evaluation of Eq. (2) using some model wave functions in truncated model spaces presented as linear combinations of Slater determinants made of the single-particle functions ψ α (r). The only quantities that matter in the phenomenological shell model are the matrix elements of the effective nucleon-nucleon (NN) interaction, ψ α 1 (r 1 )ψ α 2 (r 2 )|v eff (r 12 )|ψ α 3 (r 1 )ψ α 4 (r 2 ) , and the single-particle energies. The matrix elements are just the sets of numbers fitted to a range of nuclear spectra, and they do not contain information about the radial shapes of the ψ α (r). To calculate SFs, in the shell model it is assumed that the single-particle wave functions have the same shapes in nuclei B and A. In this case, the shape of ψ α (r) are not needed because the only property that is used in the calculations is the orthogonality of the single-particle basis, ψ α 1 (r)|ψ α 2 (r) = δ α 1 α 2 . The resulting SFs are related only to the occupancies of the single-particle states in two neighboring nuclei, determined by the shell-model NN matrix elements. The situation is even simpler for the overlap functions involving closed-shell nuclei; their SFs do not depend on the effective interactions at all.
The phenomenological shell model employs wave functions that are not translationally invariant. However, if the singleparticle wave functions are assumed to be generated by the oscillator potential well then the center-of-mass (c.m.) correction to SFs in the 0hω model space is easily obtained. It is equal to [A/(A − 1)] n , where n is the number of oscillator quanta carried away by the removed nucleon. For example, the 0hω SF of 16 O corrected for the c.m. motion is 2.133, which increases the gap between the 0hω shell model and the (e,e p) values. No c.m. corrections are available for other shapes of ψ α (r).
The knowledge of SFs alone is insufficient for predicting one-nucleon removal cross sections where the radial shapes of I lj (r) are crucial. In most applications, these shapes are found from the separation-energy prescription [12] , not related to the shell-model NN matrix elements. This prescription involves fitting the depth of the potential well, used to generate ψ α (r), to reproduce the experimental separation energy of the removed nucleon. Sometimes, for example in Ref. [3] , it is assumed that the shape of I lj (r) is the same as the shape of ψ α (r) obtained by the Hartree-Fock calculations. In these cases, the I lj (r) shape is related to the effective NN interactions but its norm is not since in Hartree-Fock theory one assumes independent particle motion.
The common problem for both the shell model and HartreeFock theory is that their wave functions span the allowed model space P only. The contributions from the missing space Q are taken into account only for the binding energy via effective NN interactions. No terms of the
types are ever considered when overlap functions are calculated. The same is true about the ab initio no-core shell-model calculations in which effective NN interactions are constructed from realistic ones. Including the contributions from Q can be achieved if an exact nuclear wave function is constructed from an uncorrelated state , defined in some truncated model space P , by acting on it by an operator. There are several ways of choosing such an operator. A convenient one is to use the unitary correlation operator method (UCOM) [13] , according to which
Here C is the unitary correlator designed to shift nucleons away from each other whenever their uncorrelated positions are within the repulsive NN core. In the UCOM, is found from an effective Hamiltonian that contains an effective interaction V eff consisting ofV = C † V C and the terms arising from the kinetic-energy operator [13] . If wave functions from Eq. (3) are used in Eq. (2), then
where
under the assumption that unitary correlators in B and A are the same. As shown in Ref. [13] , this assumption is reasonable if the space P is formed by the fermionic molecular dynamic model wave functions. Equation (4) shows that, to include contributions from missing model spaces, the matrix elements of the operator C NB have to be calculated. This operator plays the role of a renormalized one-nucleon removal operator. In the shell model, the Hartree-Fock model, and many other microscopic methods one assumes that
In other words, no renormalization is done for the nucleon removal operator. One important property of the overlap function is its asymptotic behavior,
where η = Z B Z N e 2 µ/h 2 κ, Z B and Z N are the charge of B and of the removed nucleon N, respectively, κ = (2µε/h 2 ) 1/2 , ε = E A − E B , E A and E B are the binding energies of nuclei A and B, respectively, µ is the reduced mass, W is the Whittaker function, and C lj is the asymptotic normalization coefficient (ANC). It is this part of the overlap function that often determines the angular distributions of transfer reactions and is important for all other nucleon removal reactions. The phenomenological shell model does not have single-particle wave functions and therefore it cannot provide the behavior given by Eq. (6), nor can other microscopic approaches guarantee this behavior unless the single-particle wave functions are included explicitly in the model wave functions. This can be achieved by using cluster-type models combined with the R-matrix approach as, for example, in Ref. [14] , or by tuning the mean-field potentials to get the desired rate of decrease of the single-particle states at large r, as in Ref. [15] . Using Eq. (4) may not be helpful to obtain the proper asymptotic behavior. Indeed, the short-range correlators influence mostly those parts of the wave functions where two nucleons are close to each other. As a consequence, only the internal part of the overlap functions will be affected by the short-range correlations while the asymptotic part will remain unaffected and contain no information about the excluded model space. Increasing the model space P is therefore crucial for the asymptotic part of I lj (r).
III. OVERLAP INTEGRALS AND THE INHOMOGENEOUS EQUATION
It has been shown by Pinkston and Satchler [16] that the overlap function I lj (r) is a solution of the inhomogeneous equation (IE)
in which the right-hand side (r.h.s.) (the source term) can be treated as known. In Eq. (7),T i and V i are the kinetic-and potential-energy operators of nucleus i. Equation (7) generates an I lj (r) that automatically has the correct asymptotic shape when the experimental value of ε is used, whatever J A and J B are. Earlier explorations of the inhomogeneous equation method were carried out in the 1960s-1970s. A mean-field picture of nuclei was assumed, in which the potential V was decomposed into a mean-field part and a residual interaction (see, for example, Ref. [17] ). The mean-field part was removed from the source term on the left-hand side (l.h.s.) of Eq. (7), leaving in the r.h.s. residual interactions only. The wave functions A and B were represented by uncorrelated products of single-particle functions in the valence-nucleon model space under the assumption of configuration mixing. A and B were obtained by diagonalizing a Hamiltonian that contains the same residual interactions used to calculate the source term, in this valence nucleon space. Also, the requirement that the derived spectroscopic amplitudes should agree with the corresponding shell-model amplitudes, obtained through a direct evaluation of I lj (r), was imposed as a condition on the residual potentials employed. Their choices were important for the shape of I lj (r) and, therefore, for the determination of S exp through the comparison of theoretical cross sections, calculated with this I lj (r), to the experimental ones. A review of all early explorations using Eq. (7), presented in Ref. [12] , concludes that these efforts gave little information about the utility of the method. They were abandoned before the 1980s.
An alternative way to calculate I lj (r) for one-neutron removal has been developed in Refs. [18, 19] . It is based on the relation between the Fourier transform I lj (q) of this overlap function and the vertex form factor G lj (q) that appears in the dispersion theory of nuclear reactions [20] , namely
The vertex form factor is in turn a Fourier transform of the same source term that appears in Eq. (7),
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The vertex form factor taken at q = iκ, called the vertex constant, has the same meaning as the coupling constants in particle physics and it is related by a simple equation to the ANC C lj , namely
The original motivation of the vertex form factor study, performed in Refs. [18, 21] , was to provide a theoretical calculation for the vertex constants extracted from transfer reactions on light nuclei using a range of methods [22] . A continuation of this work in Ref. [19] has provided SFs as well. For this purpose, I lj (r) has been obtained from I lj (q) as an inverse Fourier transform and then its norm has been evaluated. Such a procedure is equivalent to solving the inhomogeneous equation (7) in momentum space. The source term arising in Eq. (9) has been calculated in Refs. [18, 19, 21] in which it was assumed that the wave functions J A and J B could be approximated by the no-core oscillator 0hω shell-model wave functions A and B . Various effective two-body v iA potentials were used from those available in the literature. It was found that a reasonable agreement between measured and calculated vertex constants is achieved if a version of the M3Y potential, constructed in Ref. [23] to fit the oscillator matrix elements derived from the NN scattering phase shifts, is used for V NB in Eq. (9) . However, at the same time the calculated SFs could differ strongly from the original shell-model values obtained from I lj (r) calculated using Eq. (4). This result was not understood at the time. It was suggested that these discrepancies originated because the source term was calculated using v iA , which was different from that used to diagonalize the shell-model Hamiltonian. A test study of 8 B, performed later in ref. [24] , has shown that even if the same interaction were employed, the difference between SFs obtained using Eq. (4) and Eq. (7) can still be large. However, the predicted vertex constants were much closer to the experimental values if v iA was different from the one used to diagonalize the shell-model Hamiltonians.
In all previous publications employing the idea of the source term, no consideration has been given to the consequence of restricting the model space on its calculation. Prior to discussing this issue, let me note that the exact solution I lj (r) of the inhomogeneous equation (7) can be written as [24] 
where integration over r is implied and G l (r, r ), the Green's function for a bound nucleon in the field of a point charge Z B , is
corresponding to the momentum iκ. Here F is the regular Coulomb function. Also, 
One can see that the effective interactionṼ eff , which replaceŝ V when modeling the source term in the truncated model space, differs from the effective interactions V or j l (qr 1 )ψ α 2 (r 2 )|ṽ eff (r 12 )|ψ α 3 (r 1 )ψ α 4 (r 2 ) , depending on whether the coordinate or momentum representation for the overlap function is used. Both G l (r 1 , r ) and j l (qr) can be expanded onto the single-particle basis ψ α . Because the contribution to the matrix elements comes from an r that is 2-3 times larger than the typical values of the oscillator radius, the I IE lj (r) will contain a contribution from a large (possibly infinite) number of ψ α from the model space absent in A or B . Thus, the very use of the inhomogeneous equation guarantees recovering the missing contributions from the excluded model spaces.
It may appear that renormalizing the one-nucleon removal operator, in other words, using Eq. (4), should recover contributions from the missing spaces as well. However, as discussed in the previous section, it hardly influences the asymptotic region of I lj (r) and it is likely to be inefficient in the nuclear interior as well. Indeed, by retaining the two-body terms of the correlator C NB , the S DE lj should contain a contribution of the following type:
provided the center-of-mass motion is excluded. Changing the integration variables {r, r 1 , r 2 ) to {r 1 − r, r 2 − r, (r + r 1 + r 2 )/3} and expanding the oscilator wave functions ψ α (r) over the basis functions in new coordinates, one obtains that the SFs should contain the following contributions:
in which the sum of the oscillator quanta N sat-
Thus, if each oscillator orbital in the allowed model space has no more than N oscillator quanta then the highest oscillator shell of the excluded space connected by the correlator g(r) is N + 6; in other words, the renormalization of the one-nucleon operators in the direct evaluation of overlap integrals has a restricted influence on the spectroscopic factors. This is implicitly confirmed by the correlated-basis calculations in Ref. [8] , where reduction of the spectroscopic factors for the closed shell due to the short-range correlations is no more than 15%. Although the application of the inhomogeneous equation promises to solve efficiently the problem of excluded states, the question remains how to construct correctly theṼ eff . There are two ways to deal with this problem: either to calculate it using one or another microscopic theory or to treat it phenomenologically. The phenomenological approach has in fact been used in Refs. [18, 19, 21, 24] . What has been done there is equivalent to the following implicit assumptions: The correlators are the same in two neighboring nuclei, the contributions from both the three-body force and the three-body and higher terms coming from expansion of correlators are negligible, and the effective interactions are local. The quantity that served in Refs. [18, 21] as a reference to calibrateṼ eff was the vertex constant. Since this constant is trivially related by Eq. (10) to the ANC, this is equivalent to choosing ANCs as a reference for calibratingṼ eff . The ANCs depend on the same source term as the overlap functions and spectroscopic factors and they can be more easily determined from peripheral transfer reactions than SFs, provided that the reaction theories used for these purposes are adequate. In the following, I present new phenomenological calculations of overlap functions, SFs, and ANCs for 0p-shell nuclei. There are two reasons for new calculations: (i) In old calculations some small terms of the wave functions were neglected and this could lead to some inaccuracies of the results obtained and (ii) improved phenomenological interactions that fit better the spectra of 0p-shell nuclei are available today and can help to fix the allowed model space in a better way.
IV. SHELL-MODEL CALCULATIONS FOR NUCLEI WITH THE SIMPLEST STRUCTURE
In this section, the overlap functions A − 1|A for nuclei that can be described by only one Slater determinant, such as 3 H, 3, 4 He, and 16 O, are considered. For these nuclei, the overlap functions, spectroscopic factors, and ANCs do not depend on effective two-body interactions that fit nuclear spectra. This gives us an opportunity to understandṼ eff better.
First, the method is applied to the well-understood A = 2 system, for which I IE 0 1/2 (r) is the radial deuteron wave function of the s-wave motion. Equation (11) becomes in this case
is the 0s oscillator wave function with oscillator radial parameter r 0 . It was found that for a fixed potentialṼ eff (r ) the choice of r 0 does not influence much the shape of I IE 0 1/2 (r). However, it does influence its norm. This is demonstrated in Fig. 1 (a), which shows the ANCs, the SFs (the norms), and the rms radii of I IE 0 1/2 (r), calculated with the M3YE potential, as a function of r 0 chosen in a range from 1.3 to 1.7 fm typical for the lightest nuclei. The symbol M3YE stands here for the version of the M3Y obtained in Ref. [23] by fitting the oscillator matrix elements derived from the NN phase shifts by Elliott et al. [25] . The overlaps rI IE 0 1/2 (r) are also calculated for other NN potentials, M3YR, M3YP, and M3YHJ constructed in Refs. [23, 26] from the G-matrix elements of the Reid, Paris, and Hamada-Johnston potentials, and for the NN potential GPT [27] . These overlaps, plotted in Fig. 1 (b), were calculated with r 0 = 1.51 fm, which reproduces the rms radius of the Hulthen wave function and gives the location of the maximum of the oscillator wave function ϕ 0s (r) at the same r as the maximum of the realistic deuteron wave function obtained with the AV18 potential [28] . The overlap function I IE 0 1/2 (r) obtained with any of the M3Y potentials has a node at r ∼ 0.5 fm because these potentials have a hard core whereas the soft-core GPT potential gives a nodeless behavior at r → 0. The wave function at these distances is not important for many observables. The realistic deuteron wave function is best reproduced by the M3YE, M3YHJ, and GPT potentials. Table I shows the SFs, ANCs, and rms radii of I IE 0 1/2 (r) for all V eff used in the present calculations. The s-wave probability in the deuteron, P s = 0.9424, obtained with AV18 [28] , is best reproduced by the M3YE, M3YHJ, and GPT potentials and the ANCs obtained with these potentials are close to the experimental value of 0.8781(44) fm 1/2 obtained in Ref. [29] .
064306-5 The rms radus of I IE 0 1/2 (r) obtained with M3YE is very close to the experimental value of 1.953(3) fm from Ref. [28] .
Although all M3Y potentials have the same long-range part determined by the one-pion-exchange potential, they strongly differs at small distances. The M3YR potential has the strongest short-range Yukawa terms, the first of which is twice as strong as in M3YE and the second is about 76% stronger. The resulting zeroth and second moments of this potential in the triplet-even channel are the largest [23] . The sum of the two short-range Yukawa terms give the major contribution to the overlap integral for all r. The M3YR has the strongest short-range part and, as the result, gives the largest (and unphysical) normalization of the deuteron wave function and on this basis should be discarded. The same conclusion is applicable to M3YP. To calculate the overlap functions d| 3 H and d| 3 He the model wave function 3 for the A = 3 system has been taken as
Here, ξ 1 and ξ 2 are the normalized Jacobi coordinates [30] and χ ST (1, 2, 3) is the antisymmetric spin-isospin wave function corresponding to spin S = 1/2 and isospin T = 1/2. In Fig. 2(a) , the SFs, ANCs, and the rms radii are shown as a function of r 0 chosen in the same range as for d|p . But, unlike in the d|p case, in this range the SFs are equally sensitive to r 0 and to the choice of NN potential. The overlap functions calculated with different effective potentialsṼ eff are shown in Fig. 2(b) and the corresponding SFs and ANCs are given in Table II . In these calculations, the oscillator parameter r 0 = 1.53 fm, chosen to provide the correct rms radius of triton, is close to the r 0 = 1.51 fm used for the deuteron in the previous section. As in the case of the deuteron, the M3YR and M3YP potentials give an SF that is larger than the upper 2.07(2) 2.08 (2) limit of 3/2 imposed by the sum rule that follows from the normalization of the three-body wave function to unity. Unlike in the deuteron, where only the triplet-even potential is needed, the A = 3 overlaps have contributions from the singlet-even partial waves as well. The short-range of M3YR and M3YP in these partial waves is stronger than in M3YE and M3YHJ, although to a lesser extent than for triplet partial waves, which causes the unrealistic normalization of the overlap. 3 onto hyperspherical harmonics basis functions [32] . The ab initio overlap I ab (r) is shown in Fig. 2(b) . The overlap I IE 0 1/2 (r) has a shape similar to that of I ab (r).
One important property of the d| 3 H or the d| 3 He overlap is their ANC, C t or C3 He . Over the past two decades these ANCs have been used to extract the ANCs C A for a range of light nuclei using the peripheral transfer (d,t) and ( 3 He,d) reactions. Since the amplitudes of these reactions contain the products C Table II and used to analyze the (d,t) reactions, has been obtained from the vertex constant G 2 t = 1.34 ± 0.02 fm derived in Ref. [33] from the analysis of the high-precision data on the d(d,p)t reaction at different incident energies. The method of analysis is explained in Ref. [29] . However, other values for G 2 t , ranging from 0.92 to 1.5 fm, are reviewed in Ref. [20] . Why these values are not used in the analysis of the (d,t) reactions remains to be clarified. No experimental determinations are available for the mirror ANC C3 He . To analyze the ( 3 He,d) reactions, two different values for C3 He have been used. The first value was assumed to be equal to C t , C3 He = 2.07 ± 0.02 fm −1/2 , and has been used in the ANC compilation produced by Artemov et al. [34] . The second value, C3 He = 1.97 ± 0.03 fm −1/2 , was derived in Ref. [35] from Ref. [35] are overestimated by ∼10%. It should be noted, however, that the experimental C t value is 12% smaller than the ab initio predictions. This may indicate that either the experimental determination of C t or the ab initio calculations or both should be reconsidered. In particular, a slightly larger ab initio value for the ANC can result from using the AV18 potential, which slightly overestimates the deuteron ANC. The present calculations with GPT support the ab initio value whereas the M3YE and M3YHJ potentials give a value that is smaller than C t from Ref. [33] but is still within the range that corresponds to the nuclear vertex constants from Ref. [20] . The ANCs obtained with the other two potentials, M3YR and M3YP, are clearly too large.
C. A = 4
The overlap functions 4 
where ξ 1 , ξ 2 , and ξ 3 are the normalized Jacobi coordinates and χ ST (1, 2, 3, 4) is the antisymmetric spin-isospin wave function corresponding to spin S = 0 and isospin T = 0. The oscillator parameter r 0 ( 4 He) = 1.33 fm, which reproduces the radius of 4 He, differs strongly from r 0 ( 3 H). For the lightest nuclei, the calculations with r 0 ( 4 He) = r 0 ( 3 H) are easy to carry out. Fig. 3 and their SFs, ANCs, and rms radii are given in Table IV . They are compared to the predictions of the ab initio calculations performed in a hyperspherical functions expansion method with the AV18 + IX interaction [32, 38] . Similar to the d|p and d| 3 H case, the M3YR and M3YP potentials give SFs that are significantly larger than those obtained in ab initio calculations. Three other potentials give smaller SFs than the ab initio ones. The rms radii for most NN effective potentials are smaller than those obtained in ab initio calculations (see Table IV ).
The present calculations with the same NN potentialṼ eff that gives reasonable results both for the deuteron and for 3 H and 3 He predicts that S IE lj should be reduced with respect to S DE lj . The reduction factor is 0.645-0.665 for M3YE, M3HJ, and GPT. The ab initio SF is also only 75% of the independentparticle-model value of 2. Experimentally, the 4 He(e,e p) 3 H cross sections are reduced with respect to the independentparticle model by a factor of 0.7-0.8 [1] .
The ANCs from the present calculations deviate from the ab initio values to the same extent as the SFs do since both are determined by the same source term. Experimental information on 4 He ANCs is not accurate. Several values for the 4 He vertex constant, obtained using various methods, quoted in the review by Blokhintsev [20] , correspond to the ANCs ranging from 5.34 to 8.94 fm −1/2 . The ab initio ANCs lie within the experimental range but the M3YE and M3YHJ potentials gives smaller ANCs. It is interesting to note that the ratio R = (C p /C n ) 2 is 1.03, where C p and C n are the mirror proton and neutron ANC in 4 He, respectively, obtained in the present calculations is in a good agreement with the ab initio value of 1.05. Both agree well with the prediction R = 1.04 of the analytical formula from Ref. [37] .
D. A = 16
To calculate the overlaps 15 Fig. 5 for various potentials, follows the same trend observed in A = 3 and A = 4 nuclei in previous sections. According to Fig. 5 , those potentials that give a reasonable normalization for d|p lead to the SF reduction in 16 O. The best agreement with the SF from (e,e p) is obtained only with M3YE, which gives the largest reduction of spectroscopic strength. The SFs, ANCs squared, and rms radii for this potential are presented in Table V in [41] . The latter has been derived using a 3 He ANC that does not satisfy the mirror symmetry relations, as discussed in Sec. IV B. Using a corrected value for C 3 He according to Ref. [36] , one gets for 16 O C 2 exp = 175(29) fm −1 , which is much smaller than the value from Ref. [34] . The present calculation with M3YE gives C 2 = 220 fm −1 , which is between these two experimental values. 
V. SHELL-MODEL CALCULATIONS FOR NUCLEI WITH CONFIGURATION MIXING
The wave functions for A > 4 nuclei cannot be described by a single shell-model configuration. They have a mixture of configurations with different total orbital momentum L and spin S, which can be classified according to different irreducible representations of the permutation and the SU(4) groups. In the present work, the nuclear wave functions for 4 < A < 16 have been chosen in the 0hω translationally invariant shell model in the supermultiplet scheme:
where N is the total number of oscillator quanta in nucleus [18, 19, 21, 24] , the coefficients α γ were taken from the work of Boyarkina [42] , where they were found by diagonalizing the shell-model Hamiltonian with the Rosenfeld interaction [43] . In the present work, these results are compared to those obtained with the more popular CohenKurath interaction CK816 [44] and with the recent Millener interaction [45] , which provides the best fit to the spectra of the 0p-shell nuclei. In these calculations, M3YE was used as the effective interactionṼ eff . No renormalization of the M3YE potential, similar to the one in the previous publication [11] , has been done. The oscillator parameter was assumed to be the same in both A and A − 1 and equal to r and r A 0 were taken from analyses of electron scattering in Ref. [39] .
The results of the calculations are presented in two tables. 24 D in 13 C. This can be an indication that further tuning of the 13 C wave function is needed. The ANC of the mirror overlap 14 N| 13 N has been determined from the (d,t) reaction in Ref. [51] . According to the analytical formula from Ref. [37] , the ratio R = (C p /C n ) 2 for mirror ANCs in 14 N should be equal to 1.39. However, the experimental ratio, R exp = 1.12 (30) 
C. A = 13
The overlap 13 C| 12 C and its mirror analog 13 N| 12 C are very sensitive both to the choice of the shell-model interaction for 13 C and 12 C nuclei and to the spin-orbit and tensor parts of the effective interactionṼ eff . By tuning them, it is possible to reach a good agreement with the experimental value for the 13 C and 13 N ANCs. The other overlap involving an A = 13 nucleus, 13 O| 12 N , is not very sensitive to the choice of the shell-model interaction for 13 O and 12 N wave functions. The predicted ANC for this overlap is larger than C exp . However, C exp has been obtained by assuming that no contribution from j = 3/2 is present in the experimental cross sections. This contribution could be non-negligible, as C The  SF for 13 C| 12 C is larger than S exp but its ANC is lower than C exp . This means that the current calculations do not correctly give the shape of this overlap, in particular, its rms radius.
D. A = 12
For the astrophysically relevant overlap 12 N| 11 C , both the ANCs and the C p3/2 /C p1/2 ratio depend on the choice of the shell-model interaction. The Millener interaction gives the best result for the ANC, although it is still overestimated 064306-12 8 Li where VMC overlap has been used for the transferred nucleon [67] . e From proton knockout [63] . f From Ref. [68] . g From 7 Li(e,e p) 6 He [7] .
in the j = 
G. A = 9
The overlap 9 C| 8 B is important in connection with the explosive hydrogen burning reaction 8 B(p,γ ) 9 C. The three experimental studies for this overlap that are available [61] [62] [63] give overlapping results for its ANC. The sensitivity of theoretical ANC to the shell-model potential is about 20%. The Millener interaction gives the 9 C ANC, which agrees with C exp from two experimental studies, and the SF S IE that is just on the low edge of the S exp range determined by the error bars. For the mirror overlap, 9 Li| 8 Li , an agreement exists between the experimental and theoretical ANCs as well and the experimental 9 Li and 9 C ANCs satisfy the mirror-symmetry relation. The SFs S IE are reduced with respect to the S DE . For 9 Li, they agree with S exp obtained in the 9 Li(d,t) 8 Li reaction where the overlap calculated in the VMC calculations has been used in the analysis.
For another overlap, 9 Be| 8 Be , where the experimental data are available, the calculations give ANCs that are significantly smaller than C exp for all three shell-model interactions. The SFs S IE are reduced with respect to the S DE .
H. A = 8
For the weakly bound A = 8 isotopes, 8 Li and 8 B, experimental ANC values are available. They have been studied in Refs. [64] [65] [66] in connection with the solar pp chain reaction 7 Be(p, γ ) 8 B. In particular, the ratio (C p1/2 /C p3/2 ) 2 = 0.13 (2) has been determined in 8 Li [64] . This ratio is very sensitive to the shell-model potential employed to calculate the nuclear wave functions. None of the potentials used here has reproduced this ratio, which is 0.157, 0.034, and 0.093 for Boyarkina, CK816, and Millener interactions, respectively. The first of these numbers was used in Refs. [65, 66] to obtain the 8 B ANC. As it is higher than the ratio of 0.13(2) determined for the 8 Li independently, some additional uncertainty should be present in C exp for 8 to a much lesser extent, the corresponding reduction factor of 0.67-0.86 being higher than that from protons in 8 Li and 8 Be. This SF has been studied in the proton knockout reaction [63] . S exp = 0.89(7) can be deduced from this work by assuming that the cross-section reduction observed in this reaction is due to the reduction of the shell-model SF. The present value of 0.783 is slightly below this value.
I. A = 7

For
7 Li| 6 Li , the ANCs are available from the analysis of the (d,t) transfer reaction [51] . The theoretical predictions for ANCs made with different shell-model potentials are similar, excluding the j = 3/2 component in the final ground state, 6 Li(1 + ), where CK816 gives a significantly smaller value. This occurs owing to a larger component | [42] 13 D in 6 Li(1 + ) predicted by CK816. The ANCs for the 7 Li| 6 Li(1 + ) and 7 Li| 6 Li(3 + ) overlaps are in good agreement with experimental ones. However, the ANC for the final state 6 Li(0 + ), which is a mirror analog of the ground state of 6 He, is smaller than the experimental one. This is consistent with the underestimation of the neutron SF obtained in the d( 7 Li,t) 6 Li reaction in Ref. [68] and the proton SF obtained from 7 Li(e,e p) 6 He and d( 7 Li, 3 He) 6 Li reactions (see Table VII ). All the SFs S IE for 7 Li are reduced by approximately a factor of 2 with respect to S DE .
VI. ENERGY DEPENDENCE OF ANCS AND SPECTROSCOPIC FACTORS
A comparison of the theoretical and experimental ANCs in the previous section shows that the choice of the Millener interaction to generate the weights of the shell-model configurations combined with M3YE for theṼ eff effective potential is on average very reasonable. With this combination, the ratio C No energy dependence is seen in this plot, which suggests that the source term is calculated fairly well for most of the p-shell nuclei. Therefore, the same source term can be used to study the energy (or S) dependence of SFs.
The ratio R
is plotted for ground states of 0p-shell nuclei in Fig. 7 for four different situations: (i) when the angular momentum j = 1/2 is removed from the nucleus, which in a simple independent-particle model would be considered as a p 1/2 nucleus (red squares); (ii) when j = 3/2 is removed from the p 3/2 nuclei (black circles); (iii) when j = 3/2 is removed from the p 1/2 nuclei (orange diamonds), and (iv) when j = 1/2 is removed from the p 3/2 nuclei (blue triangles). In all four cases R IE DE decreases toward large positive S. It is also noticeable that the S dependence for cases (i) and (ii) is similar but the corresponding regions of R IE DE are split from each other. They are noticeably flatter than the R s ( S) obtained in Ref. [5] from the knockout reactions. Cases (iii) and (iv) correspond to small 
SFs and they have stronger
) it has a similar S dependence. In the previous publication [11] , some components of the M3YE were renormalized, which improved the agreement between the theoretical and experimental ANCs and moved the R be less reduced with respect to the shell-model values than those in more strongly bound nuclei. This contradicts the prediction of the Gamow shell model, which states that because of the coupling to the continuum the SFs in weakly bound nuclei should be more strongly reduced from the shell-model ones [70] . The Gamow shell model also predicts the existence of cusps in the energy behavior of SFs near the nucleon emission threshold ε = 0. No near-threshold cusps are seen in the present calculations. This could be a consequence of the absence of any energy dependence in the shell-model source term. At smaller energies the radius of the source term should increase, which should lead to smaller SFs near ε = 0.
VII. COMPARISON TO VMC CALCULATIONS
For some A 10 nuclei, the ab initio VMC calculations for one-nucleon overlap functions are available [69] . The corresponding SFs S ab are shown in Table VII Fig. 9 . Also shown are the overlaps I IE lj (r) multiplied by a renormalization factor to match I ab lj (r) at the maximum to give an idea about differences in their shapes. Figure 9 reveals that for j = 1/2, the shapes of I 
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However, for j = 3/2 two situations occur. For lighter nuclei, 7, 8, 9 Li and 9 Be, I
IE lj (r) has a significantly smaller radius than I ab lj (r). This may originate in the cluster structure of the Li and Be isotopes. In particular, removing one proton from 7 Li leads to a Borromean halo nucleus 6 He, where two neutrons stay far away from the 4 He core. Even if the removed proton is far away from the center of mass of 7 Li, it can still be close to one of the halo neutrons interacting with it, which results in abnormal preasymptotic behavior of I ab lj (r). Indeed, this overlap can be reproduced by a two-body wave function calculated in the potential model with the diffuseness of 1.25 fm. With such a huge diffuseness, the Coulomb barrier is dramatically reduced and the true asymptotic behavior of the overlap is achieved only after r = 12 fm. Abnormal preasymptotic behavior has been predicted in Ref. [71] and has been investigated later in Ref. [72] for several three-body systems. It was shown there that strong interaction between the removed nucleon and the weakly bound valence nucleons from the residue leads to increased rms radii of overlap functions as compared to predictions made with standard Woods-Saxon geometry. The preasymptotic abnormalities should influence the source term as well; however, the oscillator shell model used here for its calculations cannot reproduce this effect. It is interesting that, for a heavier nucleus, 10 Be, the shapes of I IE lj =3/2 (r) and I ab lj =3/2 (r) are similar. This may mean that mean-field components of the wave functions become more important than the cluster effects with increasing A.
In the present approach, the rms radius of I While VMC is expected to give a good result for the overlap functions inside the nuclear interior, it cannot guarantee the correct behavior at large r. To illustrate this, two overlaps are shown in Fig. 9 on a logarithmic scale as well. In the first case, 7 Li| 6 He(0 + ) , the I ab lj (r) overlap decreases significantly slower than required by the experimental proton separation energy of 9.975 MeV. The VMC does not reproduce this energy, with the difference between calculated 7 Li and 6 He energies being 8.31 MeV. The I ab lj (r) behavior at large r is indeed consistent with ε = 8.31 MeV within statistical uncertainties. In contrast, I IE lj (r) has the correct decrease shown in the same graph. In the second case, 8 Li| 7 Li , the difference E( 8 Li) − E( 7 Li) is 2.6 MeV, so that, according to VMC, 8 Li should be unbound and, therefore, this overlap should have an oscillating asymptotic behavior. Nevertheless, the VMC overlap I ab lj (r) shows a decrease typical for a bound nucleus with ε > 2.03 MeV, which is the experimental value for the neutron separation energy in 8 Li. A possible way to achieve correct asymptotic behavior within the VMC is to use it for the source term calculations.
VIII. CONCLUSIONS
The procedure of direct evaluation of overlap integrals between the model wave functions of two neighboring nuclei, widely used for the calculations of one-nucleon overlap functions and SFs, is sensitive only to effective interactions in the truncated model space. However, the inhomogeneous equation tells us that the overlap functions and the corresponding SFs must depend on contributions from the excluded model space. Therefore, important information about nuclear structure is lost when overlaps and the SFs are calculated in a standard shell model. The contributions from the excluded space can be routinely recovered by calculating the source term and supplying it to the inhomogeneous equation even if the simplest model spaces are used for these purposes, provided a proper choice of the effective NN interaction is made. As a bonus, this method guarantees the correct asymptotic decrease for the overlap so that the ANCs needed for many applications, including astrophysical ones, can be obtained.
A simple modeling of the effective interaction by an A-independent two-body local interaction provides the ANCs for the ground states of p-shell nuclei that are in fair agreement with experimental ones, deviating on average by ∼25%. Further tuning of this potential may improve agreement between the experimental and theoretical ANCs. However, it would be more beneficial to try to understand this potential from first principles. In particular, it is very important to clarify whether this potential is state dependent or nonlocal and what the role of the three-body or higher order contributions is.
The SFs obtained from overlap functions generated by the shell-model source term show deviation from original shellmodel values. This deviation depends on separation energies and, when plotted as a function of S, shows the same trend as R s ( S) observed in one-nucleon knockout reactions. This energy dependence is inherited, at least partially, from the κ dependence of the Green's function. Thus, the inhomogeneous equation offers a new perspective for studying the SF reduction phenomenon. Extending the standard shell model and more advanced microscopic techniques, including ab initio methods, for these purposes would be highly beneficial. 
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Talmi-Moshinsky transformation coefficient for particles with equal masses [77] . In the second case, 
